The equation of state and the phase diagram in two-flavor QCD are investigated by the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model with an entanglement vertex between the chiral condensate and the Polyakov-loop. The entanglement-PNJL (EPNJL) model reproduces LQCD data at µ ≥ 0 better than the PNJL model. Hadronic degrees of freedom are taken into account by the free-hadron-gas (FHG) model with the volume-exclusion effect due to the hadron generation. The EPNJL+FHG model improves agreement of the EPNJL model with LQCD data particularly at small temperature. The quarkyonic phase survives, even if the correlation between the chiral condensate and the Polyakov loop is strong and hadron degrees of freedom are taken into account. However, the location of the quarkyonic phase is sensitive to the strength of the volume exclusion.
I. INTRODUCTION
A key issue in the thermodynamics of quantum chromodynamics (QCD) is whether the chiral-symmetry restoration and the confinement-to-deconfinement transition coincide or not. If the two transitions do not coincide, phases such as constituent quark phase [1, 2] or quarkyonic phase [3] [4] [5] [6] may appear. When the two transitions are first order, discontinuities can appear simultaneously in their (approximate) order parameters, chiral condensate σ and Polyakov loop Φ [7, 8] . At zero quark chemical potential (µ), however, the two transitions are found to be crossover by lattice QCD (LQCD) [9] [10] [11] . Hence, there is no a priori reason why the two transitions coincide. Actually, there is a debate [12] on the coincidence in LQCD data at zero µ [9] [10] [11] .
LQCD has the sign problem for finite µ [13] . This is an important problem to be solved in future. Fortunately, LQCD data are available at imaginary µ [14] [15] [16] [17] [18] [19] [20] and real and imaginary isospin chemical potential [21] [22] [23] because of no sign problem in the regions. The data show that chiral and deconfinement crossovers coincide within the numerical accuracy. This coincidence indicates that there exists a strong correlation (entanglement) between σ and Φ.
An approach complementary to first-principle LQCD with the sign problem is to build an effective model consistent with LQCD data and apply the model to the real-µ region. The Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model is designed to treat both the chiral-symmetry restoration and the deconfinement transition [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . For the thermal system with temperature (T ) and imaginary chemical potential µ = iθT , LQCD has the periodicity of 2π/3 in θ. For temperatures higher than some critical temperature T E , LQCD has the first-order phase transition at θ = π/3 mod 2π/3. These periodicity and transition were first proposed by Roberge and Weiss [39] , and then called the RW periodicity and the RW phase transition, respectively. The PNJL model can reproduce LQCD data for the RW periodicity and the RW phase transition [30] [31] [32] [33] [34] [35] , but not for the coincidence between chiral and deconfinement crossovers [31] . A current topic at imaginary µ is the order of the RW transition at the endpoint T = T E . Recent LQCD shows that the order is first-order for small and large quark masses, but the order is weakened and could be second order at intermediate masses [16, 17] . The PNJL model cannot reproduce the property [40] .
In order to solve these problems in the PNJL model, we recently extended the model so as to have a four-quark vertex depending on Φ. If the gluon field A ν has a vacuum expectation value A 0 in its time component, such a four-quark vertex depending on Φ is allowed through A 0 [41] . The vertex introduced newly induces a strong correlation (entanglement) between σ and Φ. The strong correlation is supported by recent calculations [42] of the exact renormalization-group equation [43] . The new model is called the entanglement-PNJL (EPNJL) model [40] . The EPNJL results are consistent with LQCD data at zero and imaginary µ and also at finite isospin-chemical potential [40] . Particularly, the model can reproduce not only the coincidence between chiral and deconfinement crossovers without [40] and with the strong magnet field [44] but also the quark-mass dependence of the order of the RW endpoint mentioned above [40] .
Another current topic related to the correlation between the chiral and deconfinement transitions is the quarkyonic phase [3] [4] [5] [6] . The concept of the phase is originally constructed in the limit of a large number of colors (N c ). It is a confined phase with finite quark-number density (n q ). Since the n q -generation is strongly induced by the chiral restoration, the quarkyonic phase is nearly equal to the chirally-symmetric confined phase. Recently, the PNJL calculations showed that the quarkyonic phase survives even for small N c such as 3 [3] [4] [5] [6] . It is then interesting whether the phase can survive in the EPNJL model with the strong correlation between σ and Φ. Another point to be argued is the relation between the quarkyonic phase and hadron degrees of freedom, since the location of the phase was always discussed without thinking the degrees of freedom for the case of N c = 3.
In this paper, we analyze the thermodynamics of two-flavor QCD with the EPNJL model and its simple extension. First, we test the reliability of the EPNJL model by comparing the model results with LQCD data on the equation of state (EOS) at µ ≥ 0. After confirming the reliability of the EPNJL model, we predict the phase diagram in the µ-T plane and investigate whether the quarkyonic phase survives under the strong correlation between σ and Φ. Hadronic degrees of freedom are introduced by the free-hadron-gas (FHG) model with constant or T -and µ-dependent hadron masses. Here, the volume exclusion effect due to the hadron generation [45, 46] is also taken into account in the FHG model. The volume exclusion effect guarantees the quark dominance in EOS at high T and/or high µ. EOS, the phase diagram and the presence or absence of the quarkyonic phase are investigated also by the EPNJL+FHG model.
In Section II, the PNJL model is recapitulated. In Section III, the FHG model is explained briefly and numerical results of the EPNJL and EPNJL+FHG models are shown. Section IV is devoted to summary.
II. PNJL MODEL
We start with the standard two-flavor PNJL Lagrangian [4, 25, 26] 
where q denotes the two-flavor quark field, m 0 represents the current quark mass, and
with gauge fields A ν a , the GellMann matrix λ a , and the gauge coupling g. In the NJL sector, G s denotes the coupling constant of the scalar-type fourquark interaction. The Polyakov potential U, defined in (7), is a function of Polyakov loop Φ and its Hermitian conjugate
with
where P is the path ordering and A 4 = iA 0 . In the chiral limit (m 0 = 0), the Lagrangian density has the exact
The temporal component of the gauge field is diagonal in flavor space, because color and flavor spaces are completely separated in the present case. In the Polyakov gauge, L can be written in a diagonal form in color space [25] :
where
The Polyakov loop Φ is an exact order parameter of spontaneous Z 3 symmetry breaking in pure gauge theory. Although Z 3 symmetry is not an exact one in the system with dynamical quarks, it still seems to be a good indicator of the deconfinement phase transition. Therefore, we use Φ to define the deconfinement phase transition.
Making the mean field approximation and performing the path integral over the quark field, one can obtain the thermodynamic potential Ω (per volume),
On the right-hand side of (5), only the first term diverges. It is then regularized by the threedimensional momentum cutoff Λ [4, 25, 26] . The variables X = Φ, Φ * and σ satisfy the stationary conditions ∂Ω/∂X = 0.
We use U of Ref. [27] , which is fitted to LQCD data in pure gauge theory at finite T [47, 48] :
where the parameters are summarized in Table I . In pure gauge theory, the Polyakov potential yields a first-order deconfinement phase transition at T = T 0 . The original value of T 0 is 270 MeV that reproduces pure gauge LQCD data, but the PNJL model with the value of T 0 yields a larger value of the pseudocritical temperature T c at zero chemical potential than T c = 173 ± 8 MeV given by full LQCD data [49] [50] [51] . Therefore, we rescale T 0 to 212 MeV in the PNJL model so as to reproduce LQCD result, T Φ = 173 MeV, for the deconfinement transition temperature. However, the PNJL calculation yields the chiral transition temperature T σ = 216 MeV, while LQCD gives T σ = 173 MeV. Therefore, the PNJL model has a sizable difference between T σ and T Φ , say
. Thus, the PNJL result is not consistent with LQCD data for T σ and hence ∆.
The sizable difference indicates that the entanglement between the chiral and deconfinement transitions is weak in the PNJL model. In order to solve this problem, we proposed an effective coupling depending on the Polyakov loop, G s (Φ). In fact, this vertex is discussed in the exact renormalization group method [41] . It is expected that Φ dependence of G s (Φ) will be determined in future by an exact method such as the exact renormalization group method [41] [42] [43] . In this paper, however, we simply assume the following G s (Φ) by respecting chiral symmetry, C symmetry [34] and extended Z 3 symmetry [40] :
Thus, this model has entanglement interactions between σ and Φ in addition to the covariant derivative in the original PNJL model. The PNJL model with the entanglement vertex G s (Φ) is referred to as entanglement-PNJL (EPNJL) model. The parameters, α 1 and α 2 , determined from LQCD data at zero and imaginary chemical potentials are
Hadron degrees of freedom will be considered in Section III.
III. RESULTS

A. Comparison of model calculation to LQCD data at µ ≥ 0
The equations of state (EOS) calculated with the PNJL and EPNJL models are compared with LQCD data at µ ≥ 0 [52, 53] . Figure 1 shows the pressure p(T ) and the energy density ε(T ) at µ = 0 and the net quark-number density ρ(T ) at µ = 0.8T c , where ρ = n q −n q for the quark number density n q and the antiquark number densityn q and T c is the pseudocritical temperature of the deconfinement transition at µ = 0, that is, the peak position of the Polyakov-loop susceptibility. For p(T ) and ε(T ), LQCD data [52] provide only the deviations, p(T )− p(T n ) and ε(T )− ε(T n ), from T n = 0.9T c . Hence, p(T n ) and ε(T n ) are evaluated by the free-gas model of hadrons with vacuum masses. This procedure is reliable at T = 0.9T c , because p(T ) and ε(T ) are dominated by the hadron components there; we will discuss this point later in subsection III C. The p(T ) and ε(T ) thus estimated from the LQCD data are shown by the dots in panels (a) and (b); note that in these panels the p(T ) and ε(T ) are normalized by the values in the Stefan-Boltzmann limit at µ = 0. In panel (c), ρ(T ) is nondimensionalized by T 3 . For all of p, ε and ρ, the EPNJL results (solid lines) are more consistent with LQCD data than the PNJL results (dashed lines), as shown in Fig. 1 . The entanglement interaction makes the chiral symmetry restoration faster, that is, it shifts T σ down to T Φ [40] . As a consequence of the shiftdown property, the EPNJL model has rapid change in p(T ), ε(T ) and ρ(T ) with T and hence reproduces the sharp change of LQCD result better than the PNJL model. Both the EPNJL and PNJL models underestimate LQCD results at T < T c , because these models have no hadron component in their p(T ), ε(T ) and ρ(T ). We will return this point later in subsection III C. T dependence of (a) the pressure at µ = 0, (b) the energy density at µ = 0 and (c) the net quark-number density at µ/Tc = 0.8. The pressure and the energy density are divided by the values in the Stefan-Boltzmann limit at µ = 0, while the net quark-number density is divided by T 3 . The solid (dashed) lines show the EPNJL (PNJL) result. LQCD data are taken from Ref. [52] for panels (a) and (b) and Ref. [53] for panel (c).
B. Phase diagram in T − µ plane based on the EPNJL model
The pseudocritical temperature T Φ of the deconfinement crossover was defined in two ways so far. One uses the peak of the Polyakov-loop susceptibility χ Φ [5, 6] and another does Φ = 0.5 [4] . The two definitions yield almost the same value of T Φ for lower µ, but for higher µ the former becomes somewhat obscure since χ Φ has a broad peak there. We then take the latter definition in this paper.
Figure 2 (a) shows the phase diagram predicted by the EP-NJL model with constant T 0 . The thin-solid line represents the chiral crossover defined by the peak of the chiral susceptibility, while the dashed line shows the deconfinement crossover defined by Φ = 0.5. The thick-solid line stands for the firstorder chiral transition. For µ 0.15 GeV, the entanglement interaction makes the chiral and deconfinement crossovers almost coincide. For µ 0.15 GeV, however, the first-order chiral transition line and the deconfinement crossover line diverge, so that there appears a chirally-symmetric but confined phase between the two lines. Since the n q -generation is strongly induced by the chiral restoration, the chiral transition line corresponds to the n q -generation line. In this sense, the chirally-symmetric confined phase is the quarkyonic phase in which quarks are confined but n q is finite. Thus, the entanglement interaction does not make the two transitions coincide for µ 0.15 GeV. This can be understood as below.
When the entanglement interaction is switched off, in general, T Φ differs from T σ . When T σ > T Φ , Φ is large at T Φ < T < T σ , so that the four-quark interaction (9) is suppressed there by the entanglement terms having α 1 and α 2 . This suppression shifts T σ down to T Φ . This is the situation for µ 0.15 GeV. When T σ < T Φ , meanwhile, Φ is small at T σ < T < T Φ , so that little entanglement effect occurs in (9) . This is the case for µ 0.15 GeV. Thus, the entanglement effect takes place mainly when T σ > T Φ . In principle, the Polyakov potential U may depend on µ as a consequence of the backreaction of the Fermion sector to the gluon sector. In fact, µ dependence of T 0 in U was estimated with the renormalization-group argument [28] : Figure 2(b) shows an effect of µ-dependent T 0 on the phase diagram. The chiral transition line is not changed much by introducing the µ-dependent T 0 . However, T Φ lowers more for larger µ, since so does T 0 . Eventually, the chirally-symmetric confined phase, i.e., the quarkyonic phase, between the first-order chiral transition line and the deconfinement crossover line shrinks.
The concept of the quarkyonic phase [3] is originally constructed in the large N c limit. It is a confined (color-singlet) phase with finite n q . The definition of the quarkyonic phase becomes somewhat unclear for small N c = 3, since the deconfinement transition is crossover there. The confined state is defined by Φ < 0.5, but the color-single state is by Φ = 0. Hence, a possible definition of the quarkyonic phase is a phase of n q = 0 and Φ < 0.5. Another possible definition is a phase of n q = 0 and Φ = 0 that can exist only at T = 0 and µ > M = 340 MeV. The second definition seems to be too strict, when the deconfinement transition is crossover. So we think the third possibility with the PNJL model. For this purpose, the net quark-number density ρ is divided into three components
Here, ρ k means the net quark-number density where k quarks or k antiquarks are statistically in the same state [4, 5] . The first (second) term on the right-hand side of (12) represents the quark (antiquark) contribution. In order for a phase to be color-singlet, three quarks must have the same momentum. This indicates that the quarkyonic phase can be defined by the ρ 3 -dominated region of ρ 3 > ρ 1 , ρ 2 [4, 5] . This statement is reliable as follows. For zero temperature, ρ is finite only when µ > M , that is, at µ > 0.34 GeV. In the region of small T and µ > 0.34 GeV, furthermore, ρ is dominated by ρ 3 because of e βµ ≫ 1 in (11). At µ > M and low T where the ρ 3 -dominated region emerges, the quark part is larger than the antiquark part in (12) , and the denominator 1 + j m j (p) of the quark part is dominated by Z 3 -invariant m 3 . Thus, the ρ 3 -dominated region possesses the color-singlet nature approximately.
In Fig. 3 , the quark phase appears out of the chiral transition line (the thin and thick solid lines). The quark phase is separated into the ρ 3 -and ρ 1 -dominated regions by the dashed line, and the ρ 3 -dominated (ρ 1 -dominated) region is located below (above) the border, as expected. At µ > M , the ρ 3 -dominated region is much wider than the chirally-symmetric confinement region shown in Fig. 2 . If the quarkyonic phase is defined by the ρ 3 -dominated region, the phase appears at small T and µ > M , independently of Φ. Now we summarize two definitions of the quarkyonic phase.
1. Phase of n q = 0 and Φ < 0.5.
Phase of ρ
The quarkyonic phase of definition 1 (2) is plotted by a region labeled by 'Qy' in Fig. 2 (Fig. 3) . For µ > M , the quarkyonic phase of definition 2 is wider than that of definition 1. Under definition 2, the region of the quarkyonic phase is independent of Φ, and also not so sensitive to the choice of constant T 0 or µ-dependent T 0 , as shown by the comparison of panels (a) and (b) in Fig. 3 .
Hereafter, we take definition 1 commonly used. We will show in subsections III C and III D that the quarkyonic phase of definition 1 survives even after hadronic degrees of freedom are taken into account. Hence, so does the quarkyonic phase of definition 2. 
C. Hadronic effect on phase diagram
At small T and µ, it is natural to think that QCD dynamics is governed by hadronic (mesonic and baryonic) modes than quark modes. A simplest way of treating these modes is the free-hadron-gas (FHG) approximation. Under this approximation, the thermodynamic potential is just a sum of the PNJL thermodynamic potential Ω qrk+glu , the free-meson thermodynamic potential Ω msn and the free-baryon one Ω bryn :
where E m = p 2 + m 2 m and E ± b = p 2 + m 2 b ± 3µ for meson and baryon masses m m and m b . Here, we consider proton and neutron as baryons and π and σ as mesons.
It is well known that hadron has a finite volume. Once hadrons are generated in the thermodynamic system, some part of the volume of the system is occupied by generated hadrons. Owing to this volume-exclusion effect, the hadron generation is suppressed at high T and/or high µ and hence the hadronic degrees of freedom do not contribute to EOS there. This is the property that EOS should satisfy at high T and/or high µ, since hadrons are expected to disappear there. For this reason, the volume-exclusion effect has often been introduced to EOS. The volume-exclusion is described in the canonical ensemble with volume V and hadron number N bỹ V = V − vN for the excluded volume v = 4 3 πr 3 with radius r. It is possible to convert the definition in the canonical ensemble to that in the grand-canonical ensemble by the fugacity and the Laplace transform [45, 46] . In this formulation of Refs. [45, 46] , the total pressure P excl with the volume exclusion effect is described by the total pressure P for pointparticles as
where the i stand for quark, antiquark, meson, baryon and antibaryon. In P , the chemical potential µ i of ith particle species is replaced by the modified chemical potential
with the excluded volume v i = 4 3 πr 3 i of radius r i and {µ i } = (µ, −µ, 0, 3µ, −3µ) for quark, antiquark, meson, baryon and antibaryon, respectively. Thus, the volume-exclusion effect can be taken into account simply by replacing µ i byμ i in P . For simplicity, all hadrons are assumed to have the same volume. For r i , we take two cases; the charge radius of nucleon, 0.8 fm, and the radius of the repulsive core in the nuclear force, 0.5 fm. The number density n i and the entropy density s i for the ith particle species with the volume exclusion effect are obtained from the thermodynamic consistency by
whereñ i ands i are the number and the entropy density for point particles with the modified chemical potentialμ i . This model is called the PNJL+FHG model in this paper. In the PNJL+FHG model, the net quark-number density ρ is obtained by ρ = n q −n q + 3n b − 3n b for the baryon-and antibaryon-number densities n b andn b .
In this subsection, we assume that hadrons keep masses at vacuum even for the case of finite T and µ; namely, m π = 139 MeV for pion, m σ = 680 MeV for sigma meson and m p = m n = 940 MeV for proton and neutron. This approximation is quantitatively valid at T 0.9T c , but even at T 0.9T c it is acceptable for qualitative discussion, as shown later in subsection III D. The meson-dominated region is located at small T and µ, and the baryon-dominated region is at low T and middle µ. The baryon-dominated region is expanded by decreasing r, i.e., weaker volume-exclusion.
In Fig. 5 , the quark-dominated region is located out of the thick-solid line. The thin-solid and thin-dashed lines represent the confinement and chiral transition lines, respectively. The intersection between the quark-dominated region and the area between the thin-solid and thin-dashed lines is the quarkyonic phase of definition 1; this is shown by the hatching area with label 'Qy'. For stronger volume exclusion of r = 0.8 fm in panel (a), the quarkyonic phase is located at µ 340 MeV and T 100 MeV. For weaker volume exclusion of r = 0.5 fm in panel (b), the quarkyonic phase shifts to higher µ, but an island of the phase remains around µ = 340 MeV and T = 120 MeV.
D. Effect of T -and µ-dependent hadron mass on phase diagram
In subsection III C, we considered hadron degrees of freedom by using the free gas approximation with constant mass. However, hadronic masses are changed with T and µ. In this subsection, the T and µ dependences are taken into account in a simple manner.
Meson modes are quantum fluctuations around the mean field and can then be calculated with the random phase approximation (RPA). Up to order 1/N c , the thermodynamic potential is obtained by [54] 
where Ω MF is the mean-field part shown in (5) and Ω RPA is the mesonic-fluctuation part described by the ring diagram [54] :
with the mesonic polarization bubbles
for j, k = σ, π + , π − , π 0 , where Tr is the trace in color, flavor and Dirac indices. S is the quark propagator in the meanfield approximation,
Since it is difficult to calculate the dynamical mesonic fluctuations (21) exactly, we then make the pole approximation, that is, Ω RPA is approximated into Ω msn of (14) but with m m replaced by the pole mass m j that satisfies
(23) Figure 6 shows T dependence of π-and σ-meson masses by solid and dashed lines, respectively. The thick and thin lines correspond to results of the EPNJL and PNJL models, respectively. Since the chiral transition is sharp in the EPNJL model compared with in the PNJL model, T dependence of σ-meson mass is also changed rapidly in the EPNJL model. In the chiral-symmetry broken phase at small T and µ, π-meson masses are small, so that Ω is dominated by Ω msn in its π-meson part. In the chirally-symmetric phase at high T and/or high µ, on the contrary, π-and σ-meson masses are getting large and hence the mesonic contribution to Ω becomes small. The baryon mass is hard to obtain even with the RPA approximation. In Ref. [55] , the baryon mass is calculated in the NJL model by regarding baryon as a bound state of a quark and a diquark. The baryon mass m b is approximately described by the constituent quark mass M as m b ≈ 2.24M + 0.18 GeV.
Here, we assume that Ω bryn of (15) has baryon masses m b of (24) . Now, we have Ω with T -and µ-dependent m m and m b . Figure 7 is the same figure as Fig. 5 , but T -and µ-dependence of hadron masses are taken into account in Fig. 7 . The variation of hadron masses does not change qualitatively locations of baryon-, meson-, quark-dominated regions and also a location of the quarkyonic phase; note that in panel (b) the quarkyonic phase emerges at µ much higher than 600 MeV. More precisely, the hadron-mass variation shifts the boundary between baryon-and quark-dominated regions to higher T , because of baryon-mass suppression near the boundary.
IV. SUMMARY
The equation of state in two-flavor QCD was investigated with the EPNJL model and its simple extension. The EPNJL result is consistent with LQCD data on EOS at µ ≥ 0 better than the PNJL model. Thus, the EPNJL model is more reliable than the PNJL model. After confirming the reliability of the EPNJL model, we have predicted the phase diagram in the µ-T plane with the EPNJL model. The quarkyonic phase survives, even if the correlation between the chiral condensate and the Polyakov loop is strong. As an extension of the EP-NJL model, we have introduced hadronic degrees of freedom by using the free-hadron-gas (FHG) model with constant or Tand µ-dependent hadron masses. Here, the volume exclusion effect due to the hadron generation is also taken into account in the FHG model. The volume exclusion guarantees that the quark degree of freedom is dominant in EOS at high T and/or high µ. The EPNJL+FHG model improves agreement of the EPNJL model with LQCD data particularly at small T . The quarkyonic phase survives, even if hadron degrees of freedom are taken into account. However, the location of the quarkyonic phase is sensitive to the strength of the volume exclusion.
